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Abstract
Superposition principle of wave function in multi-slit interference experiment has been widely
accepted by many quantum mechanics textbooks, however the expression ψAB = ψA + ψB is not
strictly hold due to multipath interference. The nonclassical paths in Feynman path integral for-
malism provide a quantitatively way to analyze the this effect. In this work, we apply Bohmian
mechanics to the measurement of multipath interference by analyzing the contribution of nonclas-
sical paths to the Bohmian velocities in electron’s multi-slit interferometer. The results show that
the nonclassical paths lead to a relative deviation of order 10−3 in electron’s Bohmian velocities,
which is observable by weak measurement approach.
aThese authors contributed equally to this work.
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I. INTRODUCTION
The superposition principle of wave function is one of the most essential feature of quan-
tum mechanics. From this principle, physicists are able to understand many phenomena
like the interference pattern of multi-slit interference experiment. Basically, for triple-slit
interference experiment with slits A, B, C, it is usually assumed that we have
φABC = φA + φB + φC (1)
on observational screen[1, 2].
Though this assumption is widely reached in various quantum mechanics textbooks, actu-
ally this expression is not a precise description. The cases of opening different combinations
of slit A, B and C actually correspond to different boundary conditions [3, 4].
In 1994, R.Sorkin proved that if the (1) holds, the multipath interference term in triple-
slit interference experiment should be zero everywhere on the observing plane [5]. This
result provide us a way to quantitative way to see the deviation to (1). In 2010, U.Sinha
et al. bounded the magnitude of the multipath interference to less than 10−2 of the regular
expected interference, at several detector positions [6].
A numerical simulation[4] on analyzing the classical case of multipath interference in
three-slits experiments have shown the deviation from expression (1). In 2014, R.Sawant et
al. used the nonclassical paths, which are paths in Feynman path integral that dont extrem-
ize the classical action, to estimate the magnitude of multipath interference in three-slits
experiment [7] . A famous demonstration of nonclassical paths is related to the Aharonov-
Bohm effect[8].
The experiment approach[6] is a feasible way to measure the nonclassical paths effect
by observing the interference fringes. However it requires multi-setting measurement by
choosing different combinations of opening slits, which decreases the stability and produces
additional measurement error. In this work, we propose a new way to observe the nonclassical
paths effect in electron’s multi-slit interferometer by measuring Bohmian velocities.
Bohmian mechanics is an interpretation of quantum theory [9, 10]. In Bohmian mechan-
ics, there is a hidden variable that exists even when unobserved. In Bohmian mechanics,
the evolution of a systems configurations over time is defined by the wave function via a
guiding equation, and thus this theory is called Pilot-Wave Theory. Classical pilot wave
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FIG. 1. (color online). Schematic Graph of path integrals in 3-slits interference experiment. The
green line is a classical path, the purple line is a nonclassical path starts and ends at the same point
with the classical path. This nonclassical path corresponds to part of the 2-order approximation
term in the expansion of Feynman propagator K.
phenomena have been found since 2005 in a floating droplet on vertical vibrating bath sys-
tem by Y.Couder et al.[11], later many interesting phenomena like single particle diffraction
and level splitting also found in this system[12–15]. In 2013, Aephraim M. Steinberg et al.
measured the average trajectories of a single photon in two-slit interferometer using weak
measurement, and the result reproduce trajectories predicted by Bohmian mechanics [16].
Since the nonclassical paths contribute to the probability amplitude in path integral for-
malism, their contribution will also affect the trajectories predicted by Bohmian mechanics,
thus if we measure the average trajectories of a particle in a three-slit interferometer, such
a nonclassical paths effect should be expected.
In the following passage, we will analytically and numerically calculate the nonclassical
paths effect on Bohmian velocities and trajectories in electron’s three-slits interferometer.
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II. ANALYTICAL CALCULATION
In this section, we do analytical analysis for the wave function and velocity in electron’s
multi-slit interference experiment under two different conditions: (1) not counting nonclassi-
cal paths effect; (2) counting nonclassical paths effect. The nonclassical paths in our analysis
contain the paths which enter a slit and go to another slit, then directly go to the observing
plane[17].
A. Contribution of classical paths to the probability amplitude
We use the Feynman path integral in two dimensions to calculate the probability ampli-
tude of path integrals for triple slits,
FIG. 2. (color online). Representation of symbols in classical path calculation.
Fig.2 shows a classical path in triple-slit interference system which starts from the source
S and ends at the observing plane D. L is the distance from source to the grating plane,
while x is the distance from the grating plane to the observing plane. In the free propagation
case, the electron’s velocity in x direction is approximately a constant Vx, so T = L/Vx is
the transport time from source to the grating plane, t = x/Vx is the transport time from the
grating plane to the observing screen. ξ is the distance from the given slit to the center of
the grating plane (the dashed line). Electron’s mass is denoted by m and the width of the
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slits are denoted by 2b.
Here we show how to calculate the propagator of a classical path that cross slit B. For
free propagation, the propagator from source to a given slit can be written in following form
[18]:
Kc1(S, ξB) = (
2pii~T
m
)−
1
2 exp
im
2~
[
L2 + (ξB + δy)
2
T
] (2)
Kc2(ξB, D) = (
2pii~t
m
)−
1
2 exp
im
2~
[
x2 + (y − ξB − δy)2
t
] (3)
Where the relevant y-direction distance to center of the slit is denoted by δy, and it will
be eliminated by integration over the y-direction of the slit.
Kc1 and Kc2 correspond to two parts of this path(see in Fig.2). So the contribution of
this classical path to the wave function is:
ψc(x, y, ξB) =
∫ b
−b
d(δy)G (δy)Kc1(S, ξB)Kc2(ξB, D) (4)
The slit transmission probability is denoted by G (δy). Here we apply Gaussian slits[18]
in our calculation:
G(δy) = exp(−(δy)2/2b) (5)
where b is the width of the slit. The propagator becomes
ψc(x, y, ξB) =
∫ ∞
−∞
d(δy)
m
2pii~
exp
(
−(δy)
2
2b
+
im
2~
[
(L2 + (ξB + δy)
2)
T
+
x2 + (y − ξB − δy)2
t
]
)
(6)
The result of this integral is:
ψc(x, y, ξB) =
√
m
−2piiµ~Tt exp(
im
2~
[
L2 + ξ2B
T
+
x2 + (y − ξB)2
t
− (
ξB
T
+ ξB−y
t
)
2
µ
]) (7)
where µ = 1
T
+ 1
t
− ~
imb2
.
So we have the wave function of multiple slits:
Ψc(x, y) =
∑
i
ψc(x, y, ξi) (i = A,B,C, ...) (8)
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B. Contribution of Nonclassical paths to the probability amplitude
FIG. 3. (color online). Representation of symbols in nonclassical path calcuation.
To analyse the effect of nonclassical path in the Bohmian velocity, we analytically calcu-
late the propagator of following path (see in Fig.3):
Define τ as the transport time from slit C to slit B , ξC as the y-position of slit C , ξB
as the y-position of slit B. The propagator between two slits C,B can be written as :
Knc(C,B) = (
2pi~T
m
)−
1
2 exp
im
2~
[
(ξC + δyc − ξB − δyb)2
τ
] (9)
We can estimate the transport time τ using the Heisenberg’s uncertainty relation (similar
to [19]):
vy =
~
(ξC − ξB) ·
√
2m
τ =
(ξC − ξB)2 ·
√
2m
~
(10)
For the nonclassical path in Fig.3, its contribution to the wave function ψnc can be
calculated by integrating over the slit C and B in y direction:
ψnc(x, y, ξi, ξj) =
∫ b
−b
dδyc
∫ b
−b
dδybKc1(S,C)Knc(C,B)Kc2(B,D) (11)
After applying the Gaussian slits transmission rate, we can obtain the result of this
integral:
ψnc(x, y, ξi, ξj) =
(m
i~ )
3/2
2
√
2pitTτηβ
· exp[ im(ξj−y)2
2~t +
iL2m
2~T +
imξ2i
2~T +
imx2
2~t −
m2ξ2i
4~2T 2η
+
(
imξj
~t − imy~t +
m2(ξj−ξi)
2~2τ2η +
im(ξj−ξi)
~τ −
m2ξi
2~2ητT )
2
4β
− m2(ξi−ξj)2
4~2τ2η +
im(ξi−ξj)2
2~τ −
m2(ξ2i−ξiξj)
2~2ηTτ ]
(12)
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where,
η =
1
2b2
− im
2~T
− im
2~τ
β =
1
2b2
− im
2~t
− m
2
4~2(− 1
2b2
+ im
2~T +
im
2~τ )τ
2
− im
2~τ
(13)
So the contribution of nonclassical paths to the wave function is:
Ψnc(x, y) =
∑
ij
ψnc (x, y, ξi, ξj) (i 6= j) (14)
C. The change on Bohmian velocity caused by nonclassical paths effect
We can separately calculate the Bohmian velocity of y direction using guiding equation
(15) with wave function ψc and ψnc to see the nonclassical paths effect.
The Bohmian velocity with only classical paths:
vc =
~
m
Im(
Ψ∗c∇Ψc
|Ψc|2 ) (15)
Now separate the wave function to classical and nonclassical parts, and obtain the
Bohmian velocity vnc with both classical and nonclassical paths:
Ψ(x, y) = Ψc + Ψnc (16)
vnc =
~
m
Im(
(Ψc + Ψnc)
∗∇(Ψc + Ψnc)
|Ψc + Ψnc|2 )
=
~
m
Im(
Ψ∗c∇Ψc + Ψ∗nc∇Ψc + Ψ∗c∇Ψnc + Ψ∗nc∇Ψnc
|Ψc + Ψnc|2 )
(17)
III. NUMERICAL ANALYSIS
With the expression of wave function (16) and Bohmian velocity (15),(17), we can nu-
merically calculate the contribution of nonclassical paths effect on Bohmian velocity using
finite-difference methods.
Fig.4 shows the Bohmian velocity in y-direction vyc as a function of detector position y.
The Bohmian velocity vnc which counting the nonclassical paths also looks similar due to
the difference is small. The deviation of Bohmian velocity caused by the nonclassical paths
effect is shown in Fig.5.
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FIG. 4. (color online). Electron’s y-direction Bohmian velocity vyc as a function of detector position
y in triple-slit interferometer. The distance between two neighboring slits is ξ = 1 · 10−6m, the
width of each slit is 2b = 1 · 10−7m. Electron’s transport velocity in this simulation is Vx = 1.3×108.
FIG. 5. (color online). (Red) The difference of Bohmian velocity vync−vyc as a function of detector
position y in triple-slit interferometer. (Blue) The relative difference
|vync−vyc|
|vyc| as a function of
detector position y in triple-slit interferometer. The parameters are the same with Fig.4.
The main feature of Fig.5 are the two sharp spikes around |y| = 0.9µm and finite max-
imum peaks in around |y| = 0.5µm. By comparing with the Fig.4, we see that the spikes
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represent the region where the vyc go to zero, and the finite maximum peak represent the
peak of the red curve, which make sense for experimental measurement.
FIG. 6. (color online). Density plot of relative difference in y-direction Bohmian velocity
|vync−vyc|
|vyc|
for various position (x, y) in triple slits interferometer. The parameters are the same with Fig. 4.
The density plot of this relative difference is shown in Fig.6. From this graph, we see the
nonclassical paths effect become stronger when near to the grating plane, which is consistent
with the result in [17]. The maximal relative difference |vync−vyc||vyc| has the order of 10
−3.
Previous work [16] already shows that we can measure the momentum in trajectory of
photon using weak measurement, and the result is consistent with the prediction of Bohmian
mechanics. Thus the Bohmian velocity here can be measured by similar experiment to see
the nonclassical paths effect.
IV. CONCLUSION
In conclusion, we analytically and numerically calculated the contribution of nonclassi-
cal paths effect in electron’s Bohmian velocity in multi-slit interference, showing that the
nonclassical paths effect cause a deviation on the Bohmian velocity with a maximum order
of 10−3. Our work shows the application of the Bohmian mechanics on the measurement of
multi-order interference, and we suggest that similar weak measurement experiment can be
done to quantify this nonclassical paths effect.
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